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Abstract
Spaces of quasi-invariant measures supplied with different topolo-
gies are studied. Their embeddings, projective decompositions, con-
ditions for their metrizability are investigated. Theorems about con-
vergence of nets of quasi-invariant measures and their extensions are
proved as well. Moreover, associated with them uniform spaces are
studied.
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1 Introduction.
Measures and their spaces play very important role in functional analysis and
probability theory [1]-[7], [9]-[29]. Among them quasi-invariant measures are
widely used in many branches of mathematics including harmonic analysis
and group representations and geometry. Although spaces of measures were
intensively investigated, but properties of spaces of quasi-invariant measures
remained less studied.
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Concrete examples of families of quasi-invariant measures are contained in
the cited above literature. They include quasi-invariant measures on Hilbert
spaces and Banach spaces or more general topological vector spaces relative
to proper additive subgroups [2, 6, 12]-[15, 25, 27, 28]. Then measures quasi-
invariant relative to transformation groups consisting of linear A or non-
linear operators B on the separable real Hilbert space l2 such that A − I
or B′(x) − I are nuclear or more generally Hilbert-Schmidt operators with
some other conditions imposed were described as well, where I denotes the
unit operator, B′(x) notates the strong (Frechet) derivative of B at x ∈ X .
Particularly, they may be Gaussian measures.
Also quasi-invariant measures on topological groups which may be non-
locally compact relative to proper subgroups were investigated in [2, 7, 18,
19, 21]-[23]. More generally, quasi-invariant measures on manifolds and topo-
logical spaces which may be non-locally compact relative to transformation
groups were studied in [2, 10, 20, 23]. For locally compact groups and topo-
logical spaces studies of quasi-invariant measures were begun earlier (see,
for example, [4, 11] and references therein). Using polyhedral expansions
of complete uniform spaces it is possible to provide abundant families of
quasi-invariant measures on complete uniform spaces relative to their certain
transformation groups [15, 23].
Apart from spaces of measures, families of quasi-invariant measures ap-
pear to be generally non-linear, but can be supplied with topological or uni-
form structures. This work continues previous publications [15, 18] of the
author on this subject and treats new aspects of the theory.
In those publications convergence of nets of quasi-invariant measures was
studied, but with rather strong conditions on quasi-invariance factors of mea-
sures like a uniform convergence on each compact subset. In the present
work more general classes of measures are considered and weaker conditions
on quasi-invariance factors and topologies are imposed. Furthermore, new
general properties of topological spaces of quasi-invariant measures are in-
vestigated besides convergence of measure nets.
In this article spaces of quasi-invariant measures supplied with different
topologies are studied. Their embeddings, projective decompositions, condi-
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tions for their metrizability are investigated. Theorems about convergence
of nets of quasi-invariant measures and their extensions are proved as well.
Moreover, associated with them uniform spaces are studied.
As it is known under definite conditions the Radon-Nikodym derivative
of one σ-smooth measure relative to another may exist [3, 4]. Nevertheless in
the present work it is not supposed in advance that a quasi-invariant measure
should have a quasi-invariance factor, that is the Radon-Nikodym derivative
of a transformed measure relative to its initial measure.
In Theorem 2 two different topologies on spaces of measures are com-
pared taking into account transformation groups. In Proposition 5 a relation
between quasi-invariant measures with the Souslin number of a topological
space is elucidated. Theorem 6 reveals an interplay between bounded quasi-
invariant functionals and σ-smooth quasi-invariant measures. An equivalence
relation on a space of continuous functions induced by a quasi-invariance fac-
tor is studied (see Proposition 7 and Corollary 8).
It is shown in Proposition 9 that in a topological space of quasi-invariant
measures there are closed linear subspaces relative to a weak topology. The-
orem 11 about extensions of quasi-invariant measures from Tychonoff topo-
logical spaces onto their Wallman extensions (compactifications) is proved.
Metrizability of spaces of quasi-invariant measures under definite conditions
is described in Theorem 12. Some results on ranges of quasi-invariant mea-
sures are proved in Lemma 13 and Proposition 14. Conditions for a space of
quasi-invariant measures to be dense or not in a space of measures in a weak
topology are investigated (see Theorem 15 and Proposition 16).
Uniform spaces associated with algebras of sets and spaces of quasi-
invariant measures and actions on them of groups are studied (see Theorems
18 and 19). Then Theorem 21 is proved about convergence of sequences of
quasi-invariant measures under rather mild conditions. Extensions of quasi-
invariant measures for topological groups are investigated as well (see Theo-
rem 22). Decompositions of quasi-invariant measures and their spaces with
the help of inverse mapping systems are studied in Theorems 23 and 24.
All main results of this paper are obtained for the first time. They can be
used for further studies of spaces of quasi-invariant measures, groups algebras,
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representations of groups and algebras.
2 Families of quasi-invariant measures.
To avoid misunderstandings we first remind some definitions which may vary
in the literature.
1. Definitions. Let X be a T1 ∩ T3.5 topological space and let G be
a group acting on X so that to each element g ∈ G there corresponds a
mapping hg : X → X satisfying the conditions hg ◦ hj = hgj for all g, j ∈ G
and he = id, where id(x) = x for each x ∈ X designs the identity mapping,
e denotes the neutral element in G. We shortly denote hg(x) = gx for each
g ∈ G and x ∈ X .
Let C(X,F) (or Cb(X,F)) be the space of all continuous (or continuous
and bounded respectively) functions from the topological space X into the
field F, where the field F is either real F = R or complex F = C. Put
Z := {Z : Z = f−1(0), f ∈ Cb(X,R)} and U := {U : U = X \ Z, Z ∈ Z},
also the notation F = F(X) will be used for the minimal algebra containing
these families Z and U, then B = B(X) will stand for the minimal σ-algebra
containing Z and U.
Henceforth, it is supposed that g : F → F and gX = X for each g ∈ G,
if something other will not be outlined.
Measures m,n : F → F are called equivalent m ∼ n if |m| << |n| and
|n| << |m|, where |m| denotes the variation of the measure m, while the
notation |m| << |n| means that |m| is absolutely continuous relative to |n|.
A measure m : F → F is called (left) quasi-invariant relative to a group
G if mg is equivalent to m for each g ∈ G, where mg(A) := m(g−1A) for each
A ∈ F . Then dm(g, x) := mg(dx)/m(dx) denotes the (left) quasi-invariance
factor of m wherever it exists, where g ∈ G, x ∈ X and it is supposed that
dm(g, x) ∈ F.
We shall use the notation M(X,F,F) for the family of all measures on
F with values in F. The corresponding family of all quasi-invariant rela-
tive to the group G measures on the measurable space (X,F) is denoted by
Q(X,F,F , G) and its subfamily of non-negative measures byQ+(X,R,F , G).
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Let a function d : G×X → F satisfy the conditions:
(1) d(e, x) = 1 for each x ∈ X , where e ∈ G denotes the neutral element
of the group G,
(2) d(g, x) 6= 0 for every g ∈ G and x ∈ X , also let
(3) d satisfy the co-cycle condition: d(sg, x) = d(g, s−1x)d(s, x) for all
s, g ∈ G and x ∈ X .
We denote by Qd(X,F,F , G) the family of all measures m ∈M(X,F,F)
such that the measure m is left quasi-invariant with existing quasi-invariance
factor dm(g, x) = d(g, x) for each g ∈ G form-almost all x ∈ X . Its subfamily
of non-negative measures is denoted by Q+,d(X,R,F , G). If some data like
F or G or F are specified, they will be omitted for shortening of the notation.
2. Theorem. The families of neighborhoods
(1) Ns(m0; f1, ..., fn;G; y) :=
{m : m ∈M(X), ∀r = 1, ..., n supg∈G|
∫
X
fr(x)(m
g(dx)−mg0(dx)| < y};
(2) Nw(m0; f1, ..., fn; g(1), ..., g(k); y) :=
{m : m ∈M(X), ∀r = 1, ..., n, j = 1, ..., k |
∫
X
fr(x)(m
g(j)(dx)−mg(j)0 (dx)| < y}
induce T1 ∩ T3.5 topologies τs(G) and τw(G) on M(X) = M(X,F,F) and
Q(X) →֒ M(X), where f1 ∈ Cb(X,F), ..., fn ∈ Cb(X,F), n, k ∈ N, y > 0
and g(1) ∈ G, ..., g(k) ∈ G, Q(X) = Q(X,F,F , G). The first topology
is generally stronger than the second one, when X and G are infinite. If
hg : X → X is the homeomorphism for each g ∈ G, then the topology τw(G)
is equivalent with the usual weak topology τw = τw({e}).
Proof. If m ∈M(X), then mg ∈M(X) as well, since g : F → F , where
mg(E) := m(g−1E) for each E ∈ F and g ∈ G, though mg need not be
equivalent with m. At first we verify from Formulas (1) and (2), that
Ns(m0; f1, ..., fn;G; y)∩Ns(m0; h1, ..., hk;G; y) = Ns(m0; f1, ..., fn, h1, ..., hk;G; y)
and
Nw(m0; f1, ..., fn; g(1), ..., g(k); y)∩Nw(m0; h1, ..., hl; u(1), ..., u(t); y) =
Nw(m0; f1, ..., fn, h1, ..., hl; g(1), ..., g(k), u(1), ..., u(t); y)
for every functions f1 ∈ Cb(X,F), ..., fn ∈ Cb(X,F), h1 ∈ Cb(X,F), ..., hl ∈
Cb(X,F) and group elements g(1) ∈ G, ..., g(k) ∈ G, u(1) ∈ G, ..., u(t) ∈ G.
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Also for eachm0 ∈M(X) there exist non-void neighborhoodsNs(m0; f1, ..., fn;G; y)
and Nw(m0; f1, ..., fn; g(1), ..., g(k); y). Therefore, the families Bs(G) and
Bw(G) given by formulas (1) and (2) respectively are bases of topologies,
since they satisfy Conditions 1.1(B1, B2) [8], hence they induce topologies,
which were denoted by τs(G) and τw(G) correspondingly above.
In view of Theorem II.1 [29] the topological space (M(X), τw(G)) is
completely regular (Tychonoff), that is (M(X), τw(G)) ∈ T1 ∩ T3.5. Since
Q(X) ⊂ M(X), then the topology τw(G) on M(X) induces the correspond-
ing topology on Q(X) and hence (Q(X), τw(G)) ∈ T1 ∩ T3.5.
If the topological space X and the group G are infinite, then the topology
τs(G) is generally stronger, than τw, since the neighborhoodNs(m0; f1, ..., fn;G; y)
with nonconstant continuous bound3ed functions f1, ..., fn can not be ob-
tained in general as the finite intersection of weak neighborhoods
Nw(m0; f1, ..., fn; g(1), ..., g(k); y), where n, k ∈ N.
If m0 6= m1 ∈ M(X), then there exists f ∈ Cb(X,F) so that m0(f) 6=
m1(f) (see also [1, 3]), where
m(f) :=
∫
X
f(x)m(dx),
since X ∈ T1 ∩ T3.5. Then
sup
g∈G
|mg0(f)−mg1(f)| ≥ |
∫
X
f(x)[m0(dx)−m1(dx)]| = y > 0,
since me(dx) = m(dx) for the neutral element e of the group G. Therefore,
Ns(m0; f ;G; y/4)∩Ns(m1; f ;G; y/4) = ∅, consequently, (M(X), τs(G)) ∈ T2
and hence (M(X), τs(G)) ∈ T1 (see also §1.5 [8]).
Let now m0 ∈M(X) and let J be a closed subset in the topological space
(M(X), τs(G)). We take the neighborhood
U := N(m0; f1, ..., fn;G; y)
of a measure m0 ∈M(X) and mention that
U =
n⋂
j=1
N(m0; fj;G; y),
where y > 0. Put
uj(m) := min(sup
g∈G
|mg(fj)−mg0(fj)|/y, 1),
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then uj(m) is continuous relative to the τs(G) topology on M(X), where
y > 0 is a marked number. Moreover, uj(m0) = 0, also uj(m) = 1 on
M(X) − N(m0; f1, ..., fn;G; y). Thus the function u(m) := max(u1, ...., un)
is such that u(m0) = 0 and u(m) = 1 on M(X) − U . This means that
(M(X), τs(G)) ∈ T3.5.
Since Q(X) ⊂ M(X), the topology τs(G) on M(X) induces it on Q(X)
and consequently, (Q(X), τs(G)) ∈ T1 ∩ T3.5 as well.
Let now hg : X → X be the homeomorphism for each g ∈ G, then to each
bounded continuous function f ∈ Cb(X,F) there corresponds f g ∈ Cb(X,F),
where f g(x) := f(g−1x) for each x ∈ X . Therefore, from the equality
∫
X
f(x)mg(dx) =
∫
X
f g
−1
(y)m(dy)
for each f ∈ Cb(X,F) and g ∈ G it follows that
(3) Nw(m0; f1, ..., fn; g(1), ..., g(k); y) :=
n⋂
i=1
k⋂
j=1
Nw(m0; fi,j; y),
where f g(y) := f(g−1y), fi,j = f
g(j)−1
i for each i = 1, ..., n and j = 1, ..., k.
Thus the topology τw(G) on M(X) is equivalent to the weak topology τw =
τw({e}), since their bases Bw(G) and Bw({e}) are equivalent in the considered
case.
3. Corollary. (Q+(X), τw) is closed in the topological space (Q(X), τw)
and (Q+(X), τs(G)) is closed in the topological space (Q(X), τs(G)).
Proof. If (mj : j ∈ J) is a net of non-negative measures converging to
m in (Q(X), τw) or in (Q(X), τs(G)) respectively, then its limit m is also
non-negative.
4. Definitions. A subset V in the space C(X,R) is called bounded if
two functions f ∈ C(X,R) and h ∈ C(X,R) exist such that f ≤ u ≤ h for
each u ∈ V .
It is said that a linear functional p : C(X,R) → R is bounded, when
p(V ) is bounded in R for each subset V bounded in C(X,R).
A bounded linear functional p is called σ-smooth (or τ -smooth) if
limn p(fn) = 0 for each sequence (net) (fn : n ∈ A) in C(X,R) so that
fn ↓ 0
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(that is, fn(x) ≥ fm(x) ≥ 0 for each m ≥ n ∈ A and limnfn(x) = 0 for each
x ∈ X), where A = N (or A is a directed set respectively). Then a C-linear
functional p : C(X,C) → C(X,C) is bounded, if p = p1 + ip2 and their
restrictions pj |C(X,R) : C(X,R) → R are R-linear and bounded for j = 1
and j = 2, where pj : C(X,C)→ C(X,C) are C-linear functionals for j = 1
and j = 2; i =
√−1.
The corresponding measures on B are called σ-smooth or τ -smooth re-
spectively, their families are denoted by Mσ(X,F,F) or Mτ (X,F,F), while
the corresponding families of quasi-invariant relative to G measures will be
denoted by Qσ(X,F,F , G) or Qτ (X,F,F , G). When some data like F, G or
F are outlined, they may be omitted to make notation shorter.
5. Proposition. If a Hausdorff topological group Y has a left quasi-
invariant σ-finite σ-smooth measure m : B(Y ) → [0,∞] relative to a dense
subgroup G, also 0 < m(U) for each open symmetric subset U = U−1 in Y ,
then the Souslin number s(Y ) of Y is countable, s(Y ) ≤ ℵ0.
Proof. The measure m is quasi-invariant, hence if m(V ) = 0 for some
subset V ∈ B(Y ) in Y , then mg(V ) = 0 for all g ∈ G.
On the other hand, for each symmetric neighborhood W = W−1 of the
neutral element e in Y and each open subset T in Y an element g ∈ G
exists so that g−1W ∩ T 6= ∅. The measure m is σ-finite, that is a countable
disjoint family of subsets Yj ∈ B(Y ) exists such that 0 < m(Yj) < ∞ and
Y =
⋃∞
j=1 Yj, where Yj ∩ Yk = ∅ for each j 6= k. Therefore, for each open
symmetric subset W = W−1 in Y we have that a number j exists for which
m(W ∩Yj) > 0, since 0 < m(W ). Hence mg(W ∩Yj) > 0 for each g ∈ G and
consequently, m(g−1W ) > 0.
Suppose the contrary that s(Y ) > ℵ0, then a family Wb = W−1b of open
subsets and gb ∈ G of elements would exist so that g−1b Wb ∩ g−1c Wc = ∅ for
each b 6= c ∈ J , where J is a set of the cardinality card(J) > ℵ0. Then
card{(b, i) : b ∈ J, i ∈ N, m(g−1b Wb ∩ Yi) > 0} > ℵ0. This implies the
existence of a positive rational number y so that card{(b, i) : b ∈ J, i ∈
N, m(g−1b Wb ∩ Yi) > y} > ℵ0 and consequently, there exists j so that
card{b : b ∈ J, m(g−1b Wb ∩ Yj) > y} > ℵ0, since ℵ0ℵ0 = ℵ0. But this
leads to the contradiction, since the measure m is σ-smooth and σ-finite,
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0 < m(Yj) <∞.
We remind the following definitions.
6. Theorem. Let p be a bounded linear functional on C(X,F) such that
(1) p(f g
−1
(x)) = p(d(g, x)f(x))
for each f ∈ Cb(X,F) and g ∈ G,
where d(g, x) is a continuous function in the x variable for each g ∈ G, where
x ∈ X, f g(x) := f(g−1x). Then a quasi-invariant σ-smooth measure m exists
m ∈ Qdσ(X,F) so that
(2) p(f) =
∫
X
f(x)m(dx)
for each f ∈ C(X,R). Moreover, d satisfies Conditions 1(1 − 3) (see Defi-
nitions 1) m-almost everywhere on X.
Proof. In view of Theorem I.23 [29] and §4 there exists m ∈ Mσ(X,F)
such that Formula (2) is fulfilled for each f ∈ C(X,F). Mention that each
ball
B(f, r) := {u : u ∈ Cb(X,R); ‖u‖ ≤ r}
of radius 0 < r < ∞ in Cb(X,R) is bounded in C(X,R), since −r − s ≤
u(x) ≤ r + s for each x ∈ X , where
s = ‖f‖ := sup
x∈X
|f(x)|,
while 1X ∈ Cb(X,R) ⊂ C(X,R), where 1X(x) = 1 for each x ∈ X . By the
conditions of this theorem the functional p is bounded and linear on C(X,F),
consequently, its restriction on Cb(X,F) is continuous as well according to
Definition 4, since Cb(X,C) = Cb(X,R)⊕R iCb(X,R). On the other hand,
we have that
(3)
∫
X
f(x)mg(dx) =
∫
X
f g
−1
(y)m(dy)
for each f ∈ Cb(X,F) and g ∈ G, since g : F → F and gX = X , where
mg(dx) := m(g−1dx). From Formulas (1) and (3) it follows that
p(f g
−1
) =
∫
X
f(x)mg(dx)
and mg ∈ Mσ(X,F) for all g ∈ G and f ∈ Cb(X,F). Moreover, Theorems
I.5, I.22 [29] and Equalities (1, 3) imply that mg is equivalent with m for
each g ∈ G, since f ∈ Cb(X,F) is arbitrary, consequently, m ∈ Qdσ(X,R).
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Then from Theorems I.5, I.22 [29] and (1, 2) we deduce that the identity
mg(dx)/m(dx) = d(g, x) is valid m almost everywhere on X for each g ∈ G.
Indeed, as the function of the x variable d(g, x) belongs to C(X,F) and hence
d(g, )Cb(X,F) ⊂ C(X,F) for each g ∈ G, where mg(dx)/m(dx) denotes the
Radon-Nikodym derivative (see, for example, [3, 4]). Then
msg(dx)/m(dx) = [m(g−1s−1dx)/m(s−1dx)][m(s−1dx)/m(dx)]
⇒ d(sg, x) = d(g, s−1x)d(s, x)
for each s, g ∈ G and m-almost everywhere in the x-variable, x ∈ X . Fur-
thermore, me(dx)/m(dx) = 1 for each x ∈ X , since me = m. Therefore,
the function d satisfies Conditions 1(1− 3) (see Definitions 1) m-almost ev-
erywhere on X in the x variable and for each marked elements s, g ∈ G in
Conditions 1(2, 3).
7. Proposition. Suppose that a function d : G × X → F satisfies
Conditions 1(1 − 3) (see Definitions 1) and is continuous in the x variable
on X for each g ∈ G and a mapping g : X → X is continuous for each
element g ∈ G.
Then there exists an equivalence relation on C(X,F) induced by this func-
tion d.
Proof. For any functions f ∈ C(X,F), h ∈ C(X,F) we shall say that
they are equivalent fΥdh if and only if there exists an element g ∈ G so
that f(x) = d(g, x)h(g−1x) for all x ∈ X . Therefore, if h ∈ C(X,F), then
h(g−1x) = hg(x) ∈ C(X,F) as the functions of the x variable for each marked
element g ∈ G and hence d(g, x)h(g−1x) ∈ C(X,F), since d(g, x) is continu-
ous in the x variable and the mapping g−1 : X → X is continuous.
Then in virtue of Condition 1(1) (see Definitions 1) we get that fΥdf ,
since f(x) = d(e, x)f(e−1x) for all x ∈ X . That is the relation Υd is reflexive.
If fΥdh and hΥdu, then there exist t, s ∈ G so that f(x) = d(t, x)h(t−1x)
and h(x) = d(s, x)u(s−1x) for each x ∈ X , consequently,
f(x) = d(t, x)d(s, t−1x)u(s−1t−1x) = d(ts, x)u((ts)−1x)
due to the cocycle Condition 1(3). Thus fΥdu and the relation Υd is transi-
tive.
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If fΥdh, then h(y) = h(t
−1x) = f(x)/d(t, x) = d(s, y)f(s−1y) according
to Conditions 1(1, 3), where x = ty and s = t−1. Therefore, the relation Υd
is symmetric. Thus Υd is the equivalence relation on C(X,F).
8. Corollary. Let m be a measure m ∈ M(X,F), let a mapping g :
X → X be continuous and let d(g, x) be a function continuous in the x ∈ X
variable for each g ∈ G and satisfying Conditions 1(1 − 3) (see Definitions
1). Then the following conditions are equivalent:
(1) for each f ∈ Cb(X,F) and h ∈ C(X,F) so that fΥdh the equality is
fulfilled m(f) = m(h), where
m(f) :=
∫
X
f(x)m(dx);
(2) m ∈ Qd(X,F).
Proof. Suppose that Condition (1) of this corollary is fulfilled and fΥdh,
where f ∈ Cb(X,R). In view of Proposition 7 an element g ∈ G exists such
that h(x) = d(g, x)f(g−1x) for each x ∈ X , since the mapping g−1 : X → X
is continuous. The change of the variable gives the equality
∫
X
u(gy)m(dy) =
∫
X
u(x)mg(dx)
for each u ∈ Cb(X,F), since g : F → F and gX = X . The continuous
bounded function f ∈ Cb(X,R) is arbitrary, consequently, mg(dx)/m(dx) =
d(g, x) almost everywhere on X relative to m for each g ∈ G, since
m(f) =
∫
X
f(y)m(dy) and m(h) =
∫
X
f(g−1x)d(g, x)m(dx).
That is m ∈ Qd(X,F).
If Condition (2) is satisfied and f ∈ Cb(X,F) and h ∈ C(X,F) so
that fΥdh then by Proposition 7 there exists g ∈ G for which h(x) =
d(g, x)f(g−1x) for each x ∈ X , then
m(h) =
∫
X
f(g−1x)d(g, x)m(dx) =
∫
X
f(g−1x)m(g−1dx) =
∫
X
f(y)m(dy),
since g : F → F and gX = X , consequently, m(f) = m(h).
9. Proposition. Let d(g, x) be a function continuous in the x ∈ X
variable for each g ∈ G and satisfying Conditions 1(1 − 3) (see Definitions
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1). Then Qd(X,F) is a closed linear subspace in M(X,F) relative to the τw
topology.
Proof. If m1, m2 ∈ Qd(X,F) and a, b ∈ F, then for the measure
m(dx) = am1(dx) + bm2(dx) the identities m
g(dx) = amg1(dx) + bm
g
2(dx) =
ad(g, x)m1(dx) + bd(g, x)m2(dx) = d(g, x)m(dx) are valid for each g ∈ G.
Therefore, Qd(X,F) is the linear space over F.
Consider an arbitrary net (mk : k ∈ K) in Qd(X,F) converging in
M(X,F) to some measure m relative to the τw topology, where K is a di-
rected set. Then we infer that
∫
X
f(x)m(g−1dx) = lim
k
∫
X
f(x)mgk(dx)
= lim
k
∫
X
f(x)d(g, x)mk(dx) =
∫
X
f(x)d(g, x)m(dx)
for each f ∈ Cb(X,F) and g ∈ G, since g : F → F and gX = X .
Therefore, there exists the Radon-Nikodym derivative m(g−1dx)/m(dx) =
mg(dx)/m(dx) = d(g, x) almost everywhere relative to the measure m for
each element g ∈ G. Thus m ∈ Qd(X,F).
10. Remark. On the other hand, the set Q(X,F) is not a linear space,
when X and G are non-trivial, because different measures may have differ-
ent quasi-invariance factors. Mention that generally Q(X,F) is not closed
in (M(X,F), τw), when X and G are non-trivial. For example, consider a
sequence of Gaussian measures λk on the real field R, that is on the measur-
able space (B(R),R), with the same mean value v and with dispersion Dk
tending to zero. Each measure in this sequence is equivalent to the Lebesgue
measure and is quasi-invariant relative to the additive group (R,+) of the
real field. But this sequence λk converges in (M(R,R), τw) to the Dirac mea-
sure δv with the support in v, which is certainly not quasi-invariant relative
to (R,+).
Analogous examples can be considered for the Euclidean spaceRn relative
to its additive group G = (Rn,+), n ∈ N, the separable Hilbert space l2
with G being a dense proper subgroup of the additive group (l2,+) and for a
separable Banach spaceX with a dense proper subgroup of the additive group
(X,+) (see about Gaussian measures and their generalizations on Hilbert
spaces and Banach spaces in [6, 12, 25, 28, 14, 15]).
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By wX is denoted the Wallman extension of a topological space X , while
clAB denotes the closure of a subset B in a topological space A.
Let D(X) be the family of all closed subsets in X and let U(X) (and
U0(X)) be the family of all ultrafilters (of all vanishing ultrafilters corre-
spondingly) in D(X), where by definition an ultrafilter Y is vanishing, if
∩{A : A ∈ Y } = ∅.
A measure m : F → F is called real, if
lim
{F}
m(F ) = 0
for each vanishing ultrafilter {F} in D(X).
11. Theorem. Suppose that a group G acts on a topological space X
continuously hg : X → X for each g ∈ G. Then there exists a mapping
v : Q(X,C)→ Q(wX,C) so that
(1) p(F ′) = lim{F}m(F )
for each m ∈ Q(X,R) with p = v(m) and each closed subset F ′ in wX,
where {F} is the ultrafilter in X satisfying the condition ∩{clwXF} = F ′;
particularly,
p(clwXF ) = m(F ).
Moreover, m is real if and only if p(F ′) = 0 for all closed F ′ in wX satisfying
the condition F ′ ⊂ wX \X. If additionally m and v(m) are σ-smooth, also
the variation of m is finite on X, then
(2) dv(m)(g, x) exists for every m ∈ Q(X,C), g ∈ G and x ∈ wX, also
dv(m)(g, x) = dm(g, x) for each g ∈ G and m-almost everywhere on X.
Proof. The Wallman extension wX of X is provided by adjoining to X
new points which are the vanishing ultrafilters in X . To each closed subset F
in X is posed a closed set F¯ in wX by adjoining to it all vanishing ultrafilters
into which enters F . Then the intersection
⋂
k F¯k of any number of such F¯k
having
⋂
k F¯k ∩X closed in X is considered as closed in wX .
Since the mapping hg : X → X is continuous and hg−1 ◦ hg = he = id
and gX = X for each g ∈ G, then hg : X → X is the homeomorphism.
Therefore, if Y = {F} is an ultrafilter in X , then gY = {gF : F ∈ Y } is also
the ultrafilter in X for each g ∈ G, since hg : X → X is the homeomorphism,
where gA = {gx : x ∈ A}, gx = hg(x). Moreover, if Y is maximal, then
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gY is maximal as well. On the other hand,
⋂{F : F ∈ Y } = ∅ if and only
if
⋂{gF : F ∈ Y } = ∅. Therefore, if F¯ is closed in wX , then gF¯ is defined
and also closed in wX for each g ∈ G and hence g⋂k F¯k = ⋂k gF¯k. This
implies that if V is closed in wX , then gV is closed in wX for each g ∈ G.
Thus the homeomorphism hg : X → X has the homeomorphic extension
hg : wX → wX for each g ∈ G, since G is the group and hg−1 ◦ hg = he = id
is the identity mapping.
Take an arbitrary quasi-invariant measurem ∈ Q(X,C) and an ultrafilter
{F} in X . Since Q(X,C) ⊂ M(X,C), there exists p = v(m) ∈ M(wX,C)
so that p(F ′) = lim{F}m(F ) and m is real if and only if p(F
′) = 0 for all
closed F ′ in wX satisfying the condition F ′ ⊂ wX \X according to Theorem
12.3 [1].
It remains to prove that p is quasi-invariant on wX . We infer that
(3) lim
{F}
m(g−1F ) = lim
{F}
mg(F ) = pg(F ′) = p(g−1F ′) =
∫
F ′
p(g−1dy)
for each F ′ closed in wX . Therefore, from (3) it follows that |p|(F ′) = 0 if
and only if |pg|(F ′) = 0, since m ∈ Q(X,C), consequently, pg is equivalent
to p on wX for each g ∈ G, where |p| denotes the variation of the measure
p. That is p ∈ Q(X,C).
There exist functions fm and fp so that m(dx) = fm(x)|m|(dx) and
p(dy) = fp(y)|p|(dy). If the measures m and p are σ-smooth, then their
variations |m| and |p| are σ-smooth as well. From the construction above it
follows that the condition |m|(X) < ∞ implies |p|(wX) < ∞. In view of
Theorem I.3.2.2 [3] the Radon-Nikodym derivatives |mg|(dx)/|m|(dx) and
|pg|(dy)/|p|(dy) exist for every g ∈ G, x ∈ X and y ∈ wX . This im-
plies that the Radon-Nikodym derivatives dm(g, x) = m
g(dx)/m(dx) and
dp(g, y) = p
g(dy)/p(dy) exist as well for all g ∈ G, x ∈ X and y ∈ wX (see
§I.3.2.2 [3]) such that
(4) pg(F ′) =
∫
F ′
dp(g, y)p(dy) = lim
{F}
mg(F ) = lim
{F}
∫
F
dm(g, x)m(dx)
for each F ′ closed in wX . In view of Theorem 3.6.21 [8] the topological
space wX is T1, since X is T1. On the other hand, for each point y ∈ wX
there exists an ultrafilter of closed sets F ′k in wX satisfying the condition
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{y} = ⋂k F ′k, since in wX each singleton {y} is closed if and only if wX
is T1 (see §1.5 [8]). Hence from Formulas (3) and (4) of this subsection it
follows that up to p-almost everywhere the quasi-invariance factor dp(g, y)
can be chosen in the y variable so that dp(g, x) = dm(g, x) for each g ∈ G
and m-almost everywhere on X , since X ⊂ wX .
12. Theorem. If X is a metrizable space, then a topological space
(Q+τ (X), τs(G)) is metrizable.
Proof. For each m ∈ Q+τ (X) put T (m) = (mg : g ∈ G) and hence
T (m) ∈ (M+τ (X))G. Since me = m, where e denotes the neutral element in
the group G, then T : Q+τ (X)→ (M+τ (X))G is the injective mapping.
In view of Theorem II.4.13 [29] the topological space (M+τ (X), τw) is
metrizable. Let D denote a metric on (M+τ (X), τw). On (T (Q
+
τ (X)))
2 we
introduce the function
(1) DG(T (m), T (p)) := supg∈GD(m
g, pg)
which induces the function
(2) E(m, p) := DG(T (m), T (p))
on (Q+τ (X))
2 for each m, p ∈ Q+τ (X). By the conditions of §1 the mapping
hg : X → X is such that hg(F) ⊂ F for each g ∈ G, consequently, 0 ≤
mg(U) ≤ m(X) for each g ∈ G and U ∈ F . Therefore, E(m, p) ≤ m(X) +
p(X). On the other hand, from Formulas (1) and (2) of this subsection
it follows that E(m, p) ≥ D(m, p) for each m, p ∈ Q+τ (X), consequently,
E(m, p) = 0 if and only if m = p. Moreover, E(m, p) = E(p,m), since
D(mg, pg) = D(pg, mg) for every g ∈ G and m, p ∈ Q+τ (X). Furthermore, we
deduce that
E(m, p) = supg∈GD(m
g, pg) ≤ supg∈G[D(mg, sg) +D(sg, pg)]
≤ E(m, s) + E(s, p)
for all m, p, s ∈ Q+τ (X). Thus E is the metric on Q+τ (X).
If (ma : a ∈ A) is a net in Q+τ (X) converging tom ∈ Q+τ (X) relative to the
τs(G) topology, where A is a directed set, then the net (m
g
a : a ∈ A) converges
to mg uniformly in the variable g ∈ G, hence limamga = mg relative to the τw
topology for each g and uniformly in the variable g ∈ G. This implies that
limaD(m
g
a, m
g) = 0 uniformly in g ∈ G and consequently, limaE(ma, m) = 0.
Vice versa if limaE(ma, m) = 0 for a net (ma : a ∈ A) in Q+τ (X), then
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limaD(m
g
a, m
g) = 0 uniformly in the variable g ∈ G. That is mga tends to mg
relative to the τw topology and uniformly in g ∈ G, consequently, ma tends
to m in Q+τ (X) relative to the τs(G) topology due to Theorem 2. Thus the
metric E on Q+τ (X) induces the equivalent topology with τs(G).
13. Lemma. If a group G acts continuously on a topological space X so
that Gx is dense in X for each x ∈ X, m ∈ Q+(X), m(A) ∈ {0, 1} for each
A ∈ F , then m(A) = 0 for each A ∈ F .
Proof. For arbitrary two points x 6= y ∈ X take open neighborhoods
Ux and Uy of x and y correspondingly which do not intersect, Ux ∩ Uy = ∅,
since (X ∈ T1 ∩ T3.5) ⇒ (X ∈ T2) (see [8]). If m(Ux) = 1, then m(Uy) = 1,
since an element g ∈ G exists so that (gUx) ∩ Uy 6= ∅ and the measure m
is quasi-invariant and non-negative. Therefore, m(X) ≥ 2, that contradicts
the suppositions of this lemma, consequently, m(A) = 0 for each A ∈ F .
14. Proposition. If a group G acts continuously on a topological space
X so that Gx is dense in X for each x ∈ X, m ∈ Q+σ (X), the range {m(A) :
A ∈ F} =: T is discrete in [0,∞) and m(X) < ∞, the topological weight of
X is w(X) ≥ ℵ0, then m(A) = 0 for each A ∈ F .
Proof. Take an arbitrary sequence Uk of open subsets in X so that
Uk+1 ⊂ (X \ (U1 ∪ ...∪Uk)) for each k ∈ N. Put t := inf{b− a : b > a ∈ T}.
By the conditions of this proposition t > 0. If m(Uk) > 0, then m(Ul) > 0
for each l, since the measure m is quasi-invariant and non-negative and Gx
is dense in X for each x ∈ X and hence elements gl ∈ G exist so that
(glUl) ∩ Uk 6= ∅ for each l. Then
m(X) ≥
∞∑
k=1
m(Uk) =∞,
since m(Uk) ≥ t > 0 for each k. This contradicts the suppositions of this
proposition, hence m(A) = 0 for each A ∈ F .
15. Theorem. Suppose that (Q+(X) \ {0}) 6= ∅ and GU = X for each
open subset U in X. Then the family Q+(X) is dense in the topological space
(M+(X), τw) relative to the weak topology τw.
Proof. Let m be a non-trivial non-negative quasi-invariant measure m ∈
(Q+(X)\{0}). Ifm(V ) = 0 for some V ∈ F , then mg(V ) = 0 for each g ∈ G,
since m(V ) ≥ 0 and m is quasi-invariant relative to the group G. Therefore,
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in view of Theorems I.2 and I.5 [29] (or see these theorems in [1]) m(U) > 0
for each open U in X , since GU = X . Since X ∈ T1 ∩ T3.5, for any marked
point z ∈ X a net of its neighborhoods Ub exists such that ⋂b∈A Ub = {z}
and Ua ⊂ Ub for each a > b ∈ A, where A is a directed set. Choose a net of
non-negative continuous bounded functions fa so that fa(x) ≤ fb(x) ≤ fb(z)
for each a > b ∈ A and x ∈ X , also
∫
X
fa(x)m(dx) = 1,
with the support supp(fb) ⊂ Ub and fb(z) > 0 for each b ∈ A. Then we infer
that
lim
a
fa(x)m(dx) = δz(dx)
relative to the weak topology τw on M
+(X), where δz(dx) denotes the point
measure in M+(X) with the support supp(δz) = {z} and δz(V ) = 1 for each
z ∈ V ∈ F , since Q+(X) ⊂M+(X).
In virtue of Theorem II.3.10 [29] the real span of point measures is dense
in (M+(X), τw), consequently, Q
+(X) is dense in (M+(X), τw).
16. Proposition. Let a topological space X be infinite and let X ∈
T1 ∩ T3.5, also GU = X for each open subset U in X, also let Gz be dense
in X for some z ∈ X. Then Q+(X) is not dense in M+(X) relative to the
τs(G) topology.
Proof. We consider (M(X), τs(G)) (see Theorem 2 above). Take z ∈ X
and δz ∈ M+(X). In the case Q+(X) = {0} evidently Q+(X) is not dense
in M+(X) relative to the τs(G) topology.
Now let m ∈ (Q+(X) \ {0}) 6= ∅. From §15 we infer that there exists a
bounded continuous non-negative function f so that f(z) = 1, supp(f) ⊂ Ub
for some neighborhood Ub of z and
sup
g∈G
|
∫
X
f(x)(mg(dx)− δgz(dx))| > 1/3,
since δgz(g{z}) = 1 and an element g ∈ G exists with gz ∈ X \ Ub.
17. Definition. For a positive quasi-invariant measure m ∈ Q+(X)
we say that its quasi-invariance factor dm(g, x) is unbounded on X for some
element g ∈ G if and only if m({x : x ∈ X ; dm(g, x) > t}) > 0 for each t > 0.
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18. Theorem. (1). The family Q+(X) induces on the algebra F an
uniform space structure U on which G acts injectively. (2). If there is a
non-negative non-trivial quasi-invariant measure m ∈ Q+(X) \ {0} and a
quasi-invariance factor dm(g, x) of m exists on G×X and is unbounded on
X for some group element g ∈ G, then this element g acts non uniformly
continuously on U .
Proof. (1). To each quasi-invariant non-negative measure p ∈ Q+(X)
the pseudo-metric ρp(B,E) := p(B△E) on F corresponds. It induces the
equivalence relation BΦpE if and only if ρp(B,E) = 0. Therefore, the quo-
tient space Fp := F/Φp is the metric space.
If a measure p is absolutely continuous relative tom, that is p << m, then
from BΦmE it follows that BΦpE. Hence there exists the quotient mapping
ψpm : Fp → Fm. Put p  m if and only if there exists a constant bp,m > 0 so
that p(E) ≤ bp,mm(E) for all E ∈ F . This makes on Q+(X) the directed set
structure and defines the inverse mapping system {Fp, ψpm, Q+(X)}. Put
U := lim{Fp, ψpm, Q+(X)},
consequently, U is the uniform space.
Since mg is equivalent to m for each m ∈ Q+(X) and g ∈ G, then
ρmg(B,E) > 0 if and only if ρm(B,E) > 0, where B,E ∈ F are arbitrary.
This implies that each element g of the group G acts injectively on the
uniform space U .
(2). The condition m ∈ Q+(X) implies that mg ∈ Q+(X) for each g ∈ G,
hence dm(g, x) ≥ 0 for all x ∈ X and g ∈ G. If m ∈ Q+(X) \ {0} and a
quasi-invariance factor dm(g, x) of m exists on G×X and is unbounded on
X for some g ∈ G, then X and F are infinite and for each t > 0 there exist
B,E ∈ F so that mg(B△E) ≥ tm(B△E), consequently, such element g acts
non uniformly continuously on U in this case.
19. Theorem. If X ∈ T1 ∩ T3.5, each element s in a group G acts by
homeomorphic and injective mappings hs on X so that Gx is dense in X for
each x ∈ X, also m ∈ Q+(X) \ {0} and a quasi-invariance factor dm(g, x) of
m exists on G ×X and is unbounded on X for some group element g ∈ G,
then this element g acts discontinuously on U .
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Proof. The imposed conditions of this proposition imply that for each
pair of points x 6= y ∈ X and their open neighborhoods Ux and Uy, x ∈ Ux
and y ∈ Uy, there exist group elements s, q ∈ G such that (sUx)∩Uy 6= ∅ and
(qUy) ∩ Ux 6= ∅. In view of Proposition 14 for every b > 0 and x 6= z ∈ X
there exist non-intersecting neighborhoods Ux and Uz so that 0 < m(Ux) < b
and 0 < m(Uz) < b. Therefore, for every t > 0, b > 0 and B ∈ F there
exists E ∈ F with m(E) > 0 and 0 < m(E△B) < t so that mg(E△B) > bt,
consequently, g induces the mapping on U which is discontinuous at each
element of U .
20. Definition. A sequence {Ek} in F we call a (k′, G) sequence if the
following three conditions are satisfied:
(1) gEk ↑ X for each g ∈ G;
(2) for every k ∈ N, g ∈ G and m ∈Mσ(X) the sequence
|mg|∗(X \ Ek) := sup{|mg|(U) : U ⊂ X \ Ek, U is open}
converges to zero as k tends to the infinity;
(3) a function h is continuous on X if and only if h is continuous on gEk
for every k ∈ N and g ∈ G.
21. Theorem. Suppose that (1) X ∈ T1 ∩ T3.5;
(2) each element s in the group G acts by homeomorphic and injective
mappings hs on X;
(3) a sequence {mk : k ∈ N} ⊂ Qσ(X) converges to m0 ∈ M(X) relative
to the τw topology, also
(4) a function p : G × X → [0,∞) exists such that for each n ∈ N
and g ∈ G the inequality |dmn(g, x)| ≤ p(g, x) is fulfilled mn-a.e. in the x
variable, where
p(g, ∗) ∈
∞⋂
n=0
L1(mn) and sup
0≤n
‖p(g, ∗)‖L1(mn) <∞. Then
(5) for each (k′, G) sequence {Ek : k ∈ N} and each element g ∈ G the
limit
limk→∞ |mgn|∗(X − Ek) = 0 converges uniformly in n and
(6) m0 ∈ Qσ(X).
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Proof. Consider a (k′, G) sequence {Ek : k ∈ N}. Put
(7) Dg(h, s) :=
∞∑
k=1
2−k sup
x∈gEk
|h(x)− s(x)|
for each h, s ∈ S1, where
S1 := {h : h ∈ Cb(X,R), ‖h‖ ≤ 1},
g is a marked element in G. Then from Conditions (1) and (2) and Formula
(7) of this subsection and Conditions 20(1− 3) of Definition 20 we infer that
the mappingDg is the metric on S1 and the metric space (S1, Dg) is complete.
Choose an arbitrary quasi-invariant σ-smooth measure m ∈ Qσ(X) and
define the functional
F (g, h) :=
∫
X
h(x)mg(dx)
on S1, where h ∈ S1. Applying Radon-Nikodym’s theorem to equivalent
measuresmg ∼ m inMσ(X) one gets the densities dm(g, x) = mg(dx)/m(dx).
From the identity
∫
X
h(x)mg(dx) =
∫
X
h(gy)m(dy)
and Conditions 20(1 − 3) of Definition 20 we deduce that the functional
F (g, ∗) is continuous on the metric space (S1, Dg). Therefore, for every b > 0
and m ∈ Qσ(X)
the set {h : h ∈ S1, | ∫X h(x)mg(dx)| ≤ b} is closed in (S1, Dg).
Then each set of the form
Wk(b) = W
g
k (b) := {h : h ∈ S1, sup
l,n≥k
|
∫
X
h(x)mgl (dx)−
∫
X
h(x)mgn(dx)| ≤ b}
is closed in (S1, Dg) and
S1 =
∞⋃
k=1
Wk(b) for each 0 < b < 1.
In view of the Baire category theorem 3.9.3 [8] a natural number u exists so
that Wu(b) contains an open subset in (S1, Dg).
Therefore, there exist u ∈ N, h0 ∈ S1, j ∈ N and t > 0 such that from
n, k ≥ u, h ∈ S1 and |h(x)− h0(x)| < t on Ej it follows that
|
∫
X
h(x)mgn(dx)−
∫
X
h(x)mgk(x)| ≤ t, particularly,
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|
∫
X−Ej
mgn(dx)−
∫
X−Ej
mgk(dx)| ≤ 2t
if take h0 satisfying the restriction h0|Ej = 0. In virtue of Lemma I.3 [29]
and Conditions 20(1− 3) of Definition 20 the estimate
|mgn −mgk|∗(X −Ej) ≤ 2t
is fulfilled for all n, k ≥ u. Choose a natural number i(1) ≥ j so that
|mgu|(X − Ei(1)) ≤ t, consequently,
|mgn|∗(X − Ei(1)) ≤ [|mgn −mgj |∗(X −Ei(1)) + |mgj |∗(X − Ei(1))] ≤ 3t.
Then one can take a natural number i(2) ≥ i(1) for which
sup
l<u
|mgl |∗(X −Ei(2)) ≤ 3t,
consequently, for each b > 0 there exists i(2) so that
sup
n∈N
|mgn|∗(X − Ei(2)) ≤ 3b.
This implies assertion (5).
From the convergence of the sequence mn to m0 relative to the τw topol-
ogy, Conditions (1) and (2) of this subsection and Conditions 20(1 − 3) of
Definition 20 it follows that
limn→∞|mgn|∗(X − Ei) ≥ |mg0|∗(X − Ei)
for each g ∈ G, consequently,
|mg0|∗(X − Ei) ≤ 3b
for all i ≥ i(2) and an arbitrary marked g in G and Ei, b, i(2) described
above in this subsection. That is for each g ∈ G the limit
lim
i→∞
|mgi |∗(X −Ei) = 0
exists for each (k′, G) sequence {Ei : i ∈ N}.
We consider a sequence {Zn : n ∈ N} of closed in X subsets for which
the following conditions are valid:
(8) for each g ∈ G gZn ↑ X as n→∞;
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(9) for each n ∈ N there exists an open subset Un so that gZn ⊂ gUn ⊂
gZn+1 for each g ∈ G.
From Theorem I.12 [29] and Conditions (1) and (2) it follows that if a
sequence {Zn : n ∈ N} of closed in X subsets satisfies Conditions (8) and
(9), then it is a (k′, G) sequence, since hs : X → X is the homeomorphism
for each s ∈ G, hs(x) = sx. Hence
lim
i→∞
|mg0|(X − Zi) = 0
for each g ∈ G. Then by Theorem I.19 [29] mg0 ∈Mσ(X) for each g ∈ G.
Let now V ∈ F and |m0|(V ) = 0. Then we get that
lim
n→∞
|mn|(V ) = 0.
There are valid the identity
(10)
∫
X
f(x)mgn(dx) =
∫
X
f(x)dmn(g, x)mn(dx) and the inequality
(11) |
∫
X
f(x)dmn(g, x)mn(dx)| ≤
∫
X
p(g, x)|f(x)||mn|(dx)
for each g ∈ G and n ∈ N. For each open subset U in the topological space
X , g ∈ G and k ∈ N the inequality
|mgk|(U) ≤ |mk|(U) sup
0≤n
‖p(g, ∗)‖L1(mn)
is fulfilled. Take a sequence fu of continuous functions fu : X → [0, 1] so
that fu(x) = 1 for each x ∈ V and u ∈ N and
∫
X
fu(x)|m0|(dx) < bu,
where bu ↓ 0, consequently,
lim
u
∫
X
fu(x)|m0|(dx) = |m0|(V ) = 0
(see [1, 3, 29]). Applying Condition (4) we infer from Formulas (10) and (11)
of this subsection that for each b > 0 and g ∈ G there exist natural numbers
n and v such that
∫
X
fv(x)|mgl |(dx) < b for each l > n.
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On the other hand, the inequality is valid:
|mgl |(V ) ≤
∫
X
fv(x)|mgl |(dx).
Therefore, the limit
lim
n→∞
|mgn|(V ) = 0
exists for each g ∈ G, consequently, |mg0|(V ) = 0 for each g ∈ G. That is the
measure mg is equivalent with the measure m0 for each group element g ∈ G.
Thus the measure m0 is quasi-invariant and consequently, m0 ∈ Qσ(X), since
Q(X) ∩Mσ(X) = Qσ(X).
22. Theorem. Let G be a subgroup of a topological group G1 and let
Conditions 21(1) and (2) of subsection 21 be satisfied for G and G1, let also
the topological character of G1 be χ(G1) = ℵ0 and let the mapping G×X ∋
(g, x) 7→ gx ∈ X be continuous. Suppose also that for a quasi-invariant
measure m ∈ Qσ(X,F,F , G) a sequence mk := mgk fulfills Conditions 21(3)
and (4) of subsection 21 relative to G for each g0 ∈ G1 and each sequence gk
in G converging to g0 relative to the left uniformity induced by the topology
on G1. Then m ∈ Qσ(X,F,F , G1).
Proof. For the topological group G1 there exists the left uniformity on
G1 induced by the topology on G1 (see §8.1.17 in [8]). Since χ(G1) = ℵ0,
then for each g0 ∈ G1 there is a sequence gk in G converging to g0 relative to
the left uniformity of G1. In view of Theorem 21 the limit exists
lim
k
mk = m0 ∈ Qσ(X,F,F , G),
we denote it by m0 =: m
g0 also, since
lim
k
gk = g0 and mk := m
gk .
Suppose that there are two sequences sk and qk converging to g0. Put
g2k = sk and g2k+1 = qk for each k, hence gk converges to g0 as well and
consequently,
lim
k
msk = lim
k
mqk = lim
k
mgk ,
since the limit limkm
gk exists according to Condition 21(3) of subsection 21.
Thus mg0 is independent of the sequence gk in G converging to g0 ∈ G1.
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Since the mapping G × X ∋ (g, x) 7→ gx ∈ X is continuous and hg acts
by homeomorphisms on X for each g ∈ G1 and
lim
k
gk = g0, then g0U =
∞⋃
n=1
∞⋂
k=n
gkU
for each U open in X . Therefore,
|m|(g0U) = lim
n
|m|(
∞⋂
k=n
gkU)
for each m ∈ Mσ(X). If |m|(V ) = 0 for some V ∈ F and m ∈ Mσ(X), then
for each b > 0 there exists an open subset Kb in X such that
V ⊂ Kb and |m|(Kb) < b
[1, 3, 29]. If m ∈ Qσ(X,F,F , G), then |mg|(V ) = 0 for each g ∈ G as well.
On the other hand,
|m|(
∞⋂
k=n
gkU) ≤ |m|(gkU)
for each k ≥ n. Then from Condition 21(4) and Formulas 21(10) and (11)
of subsection 21 we infer that |mg0|(V ) = 0. That is these measures are
equivalent m ∼ mg0 for each g0 ∈ G1. Thus m ∈ Qσ(X,F,F , G1).
23. Theorem. Let {Gi, hij , J} and {Xi, pij , J} be inverse mapping sys-
tems of groups Gj and topological spaces Xj so that Gj : Xj → Xj, where
hij : Gi → Gj are homomorphisms of groups and pij : Xi → Xj are continuous
mappings for each i ≥ j in a directed set J . Let also a topological space X be
homeomorphic with lim{Xj, pij, J}. Then each measure m ∈ Q(X,F,F , G)
has the decomposition
m = lim{mi; pij; J}
with mi ∈ Q(Xi,F,Fi, Gi) for each i ∈ J , which induces the continuous
mapping from Q(X,F,F , G) into lim{Q(Xi,F,Fi, Gi); pij; hij; J} relative to
their τw(G) and {τw(Gi); pij; hij; J} topologies.
Proof. Consider continuous projective mappings pi : X → Xi and pro-
jective group homomorphisms hi : G → Gi for each i ∈ J corresponding to
these inverse mapping systems.
If m ∈ Q(X,F,F , G), then
m((pi)−1(A)) =: mi(A)
24
is a measure on Fi, since (pi)−1(Fi) ⊂ F for each i ∈ J . On the other hand,
g((pi)−1(A)) = (pi)−1(giA) for each A ∈ Fi and g ∈ G, where gi = hi(g),
since Gi : Xi → Xi, pij ◦ pi = pj and hij ◦ hi = hj for each i ≥ j ∈ J . This
family of measures forms and inverse system, since
mi((p
i
j)
−1(B)) = m((pj)−1(B)) = mj(B)
for each i > j ∈ J and B ∈ Fj . If |m|i(A) = 0 for some A ∈ Fi, then
|m|((pi)−1(A)) = 0, consequently, |mg|((pi)−1(A)) = 0 for each g ∈ G and
hence |mgii |(A) = 0. Thus the measure mi on Fi is quasi-invariant relative
to the group Gi for each i ∈ J . Then there is valid the equality
(1)
∫
X
S(fi)(y)m(dy) =
∫
Xi
fi(xi)mi(dxi)
for each fi ∈ Cb(Xi,R), where S(fi) is the cylinder function corresponding to
fi, S(fi)(y) = fi(pi(y)) for each y ∈ X . In view of Proposition 2.5.5 [8], The-
orem 2 and Formula (1) of this subsection this mapping m 7→ lim{mi; pij ; J}
is continuous from Q(X,F,F , G) into lim{Q(Xi,F,Fi, Gi); pij; hij ; J} relative
to their τw(G) and {τw(Gi); pij ; hij; J} topologies.
24. Theorem. Let suppositions of Theorem 23 be satisfied, where
PQ+σ (Xi,F,Bi, Gi) := {mi : mi ∈ Q+σ (Xi,F,Bi, Gi), mi(Xi) = 1} is on
the algebra Bi = Bi(Xi) for each i ∈ J . Let also (Xi,Bi) be a Radon
space for each i ∈ J . If J is countable, then there exists an embedding of
PQ+σ (X,F,B, G) into lim{PQ+σ (Xi,F,Bi, Gi); hij ; pij; J} relative to the weak
τw(G) and {τw(Gi); pij; hij ; J} topologies.
Proof. Each σ-smooth measurem defined on F has the natural extension
on B and analogously for each mi [1, 3, 29]. In view of Theorem 23 if m ∈
PQ+σ (X,F,B, G), then {mi; pij ; J} ∈ {PQ+σ (Xi,F,Bi, Gi); hij; pij; J}, since the
conditions
Ai,k ∈ Bi and Ai,k ∩ Ai,n = ∅ for each k 6= n ∈ N imply that
(pi)−1(Ai,k) ∈ B and (pi)−1(Ai,k) ∩ (pi)−1(Ai,n) = ∅ for each k 6= n ∈ N.
Suppose that the inverse system of measures {mi; pij; J} is given so that
mi ∈ PQ+σ (Xi,F,Bi, Gi) for each i ∈ J . This system induces the quasi-
measure q on
H := ⋃
i∈J
(pi)−1(Bi) so that
25
mi((p
i
j)
−1(B)) = q((pj)−1(B)) = mj(B) for each i > j ∈ J and B ∈ Bj .
Moreover, q(X) = 1, since mi(Xi) = 1 for each i ∈ J . The algebra of
cylinder subsets H is contained in the algebra B, since (pi)−1(Zi) ⊂ Z and
(pi)−1(Ui) ⊂ U for each i ∈ J . Thus q is a bounded non-negative quasi-
measure. In view of Kolmogorov’s Theorem I.1.3 and Propositions I.1.7 and
I.1.8 [6] (or see [28]) it has the unique σ-smooth extension q on the minimal
σ-algebra σH containing H.
The base of the topology of X consists of open subsets of the form
⋂n
l=1(p
i(l))−1(Ai(l)) with Ai(l) ∈ Ui(l) for each i(l) ∈ J , l = 1, ..., n and n ∈ N.
Since J is countable, one gets that B = σH. Thus q and m coincide on B, if
{mi; pij; J} is constructed from m ∈ PQ+σ (X,F,B, G). That is the mapping
from PQ+σ (X,F,B, G) into lim{PQ+σ (Xi,F,Bi, Gi); hij ; pij; J} is injective.
Therefore, for each f ∈ Cb(X, [0,∞)) there exists a net fi ∈ Cb(Xi, [0,∞))
so that
(1)
∫
X
f(x)m(dx) = lim
i
∫
Xi
fi(xi)mi(dxi), where
(2) f((pi)−1(xi)) ≤ fi(xi)
for each xi ∈ Xi and i ∈ J . Particularly, if f : X → [0, 1], then one can
choose
(3) fi : Xi → [0, 2] for each i ∈ J .
Then we deduce that
(4)
∫
X
f(x)mg(dx) = lim
i
∫
Xi
fi(xi)m
gi
i (dxi)
= lim
i
∫
Xi
fi(giyi)mi(dyi) =
∫
X
f(gy)m(dy)
for each g ∈ G. If m(A) = 0 for some A ∈ B, then mg(A) = 0 for each
g ∈ G. Then for each t > 0 and g1 ∈ G, ..., gn ∈ G, n ∈ N, there exists
f ∈ Cb(X, [0, 1]) so that
f |A = 1 and
∫
X
f(x)mgl(dx) < t for each l = 1, ..., n,
consequently, there exists a net {fi : i} satisfying Conditions (1 − 3) above
and k ∈ J so that
∫
X
f(x)mgl(dx) ≤
∫
Xi
fi(xi)m
hi(gl)
i (dxi) < 2t
26
for each i ≥ k ∈ J and l = 1, ..., n.
From Proposition 2.5.5 and Theorem 2.5.8 [8], Formulas (1 − 4) of this
subsection and Theorem 2 we infer that this embedding of PQ+σ (X,F,B, G)
into lim{PQ+σ (Xi,F,Bi, Gi); hij; pij ; J} is continuous and open relative to the
weak τw(G) and {τw(Gi); pij; hij; J} topologies, where PQ+σ (X,F,B, G) and all
PQ+σ (Xi,F,Bi, Gi) are considered relative to their τw(G) and τw(Gi) topolo-
gies.
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